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In this work, the modular irreducible characters of the exceptional Weyl 
groups for the prime numbers p = 5, 7 are determined. The only groups 
which need to be considered are those of type E, namely, W(E,), W(E,) and 
W(E,). In all cases but one, namely, W(E,) and p = 5, the relevant prime 
number divides the order of the group to the first power only. We use exten- 
sively the results in [l-3] and also other methods which are used in [S] and 
which are described in [4, Sect. 6.31. The notation and terminology used are 
those given in [5]; in particular, the irreducible characters are denoted as in 
that paper. More details about this work appear in [6]. A short note on 
Brauer trees for Weyl groups is included in Section 1. The cases for p = 5 
are considered in Sections 2-4 whereas Sections 5 and 6 contain the results 
for p = 7. 
1. NOTE ON BRAUER TREES 
Let B denote a block of defect one in a Weyl group W, and pa be the 
highest power of prime p which divides the order of W. The degrees of the 
ordinary and modular irreducible characters in B are divisible by pap ‘. The 
Brauer tree of B is an open polygon, with p vertices and p - 1 edges. Each 
ordinary irreducible character in B is only p-conjugate to itself. The two 
ordinary irreducible characters corresponding to the outer vertices of the 
Brauer tree of B remain modular irreducible, whereas the remaining are the 
sum of the two adjacent modular irreducible characters in the tree, on the p- 
regular conjugacy classes of W. The sum of each pair of adjacent ordinary 
irreducible characters in the Brauer tree of B, on the p-regular conjugacy 
classes of W, yields a principal indecomposable character. 
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2. W(E,),p = 5 
There are twenty-three 5-modular irreducible characters in W(E,). The 
fifteen ordinary irreducible characters whose degrees are divisible by 5, 
namely, 15,, 20,, 30,, 15,, 60,, 20,, 90,, 80,, 60,, lo,, 15,, 20,, 30,, 15, 
and 60,, each forms its own block of defect zero and are modular irreducible 
and principal indecomposable characters. 
There remain two further blocks, of full defect, whose Brauer trees are 
given below. The principal characters 
6, @ 15, = 20, + 6, + 64,) 
6, @ 15, = 20, + 6, + 64, 
of W(E,) show that in the respective Brauer trees 6, (6,) are connected to 
64, (64,). Then comparing the degrees we have 
lP++24,et81,t,64,~6,, 
1,,~24,++81~++64/-+6~. 
3. W(E,),p = 5 
In this case there are fifty-four modular irreducible characters. 
Each ordinary irreducible character, in total thirty, whose degree is 
divisible by 5, namely, 35,, 105,, 35,, 15,, 105,, 105,, 315,, 405,, 120,, 
210,, 280,, 420,, 280,, 210,, 70,, 35,, 105,, 35,, 15,, 105,, 1051, 315,, 
405,, 120,, 210,) 280,, 420,, 280,) 210, and 70,, forms its own block, of 
defect zero, is principal indecomposable and remains modular irreducible. 
There are six other blocks, with full defect, each including five ordinary 
irreducible characters with the following Brauer trees: 
lPw 84,~ 216,~ 189,~ 56,, 
7, ++ 378, - 512, ++ 168, tf 27,, 
21,~ 189,,0 336,~ 189,~ 21,, 
1,,++84,0216,~ 189,,,*56,, 
7,++378,++512,++ 168,++27,, 
21,~ 189,tt 336,~ 189,~ 21,. 
Inducing the principal indecomposable characters 25, and 25, of W(E,) 
to W(E,) we obtain the principal characters: 
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25, t E, = 1, + 27, t 168, t 84, + 420, + 7, + 21, + 189, + 105, + 378,, 
25, r E, = 7, + 21, + 189, + 105, + 378, + 1, + 27, + 168, + 84, + 420, 
of IV@,). Considering the block decomposition of characters, these principal 
characters will imply the connection of some pairs of characters in the above 
Brauer trees, which together with the information on the degrees of ordinary 
irreducible characters in each block is sufficient to uniquely determine the 
Brauer trees stated above. 
4. W(E,), p = 5 
There are ninety-five 5-modular irreducible characters in W(E,). 
The forty-seven ordinary irreducible charcters whose degrees are divisible 
by 5*, namely, 50,, 350,, 300,, 700,, 175,, 1400,, 1050,, 1575,, 2100,, 
525,, 700,, 4200,, 6075,, 3200,, 50,, 350,, 300,, 700,, 175,, 1400,, 
1050,, 1575,, 2100,, 525,, 700,, 4200,, 6075,, 3200,, 3150,, 4200,, 
TABLE I 
‘P 
2% 
84, 
561, 
1344, 
2268, 
912, 
4096, 
561, 
1344" 
2268, 
912, 
4096" 
1134, 
168, 
2688, 
4536, 
1 1 
1 1 
1 1 1 
1 1 
1 1 1 1 
1 111 1 
1 1 
1 1 
1 1 1 
1 1 
1 1 1 1 
1 1 1 1 1 
1 1 
1 1 
1 1 1 1 
1 * 1 1 
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1296, 
448, 
4096, 
4536, 
8, 
1296, 
1008” 
4096, 
4536, 
448, 
448, 
1344, 
2016, 
7168, 
1 1 
1 1 1 
1 1 
1 1 1 1 
11 1 11 
1 1 
1 1 
1 1 
1 1 I 
1 1 1 1 
2100,, 1400,, 1400,, 1400,, 4200,, 400,, 2400,, 2800,, 5600,, 1400,, 
1400,, 4200,) 400,, 2400,, 2800,, 5600, and 5600,, each forms its own 
block of defect zero, and are modular irreducible and principal indecom- 
posable characters. 
Five of the remaining seven blocks have defect one and the following 
Brauer trees: 
B,: 35, H 840, H 2835, ++ 2240, c-) 210,, 
B,: 210, ++ 2240, ++ 2835, ++ 840, ++ 35,, 
B,: 70, tt 680, tt 5670, ++ 4480, ++ 420,) 
B,: 160, H 840, tt 3360, +-+ 3240, ++ 560,, 
B,: 56O,t, 3240,~ 3360,~ 840,~ 160,. 
The Brauer trees of B, and B, may be deduced from those of B, and B,, 
respectively. Consider the constituents in B,, B, and B, of the principal 
characters (lP + 84,) 1 E,, 35, T E, and (27, + 168,) T E, induced from 
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W(E,). These induced principal characters imply the connection, in the 
respective Brauer tree, of 35, with 840,, 70, with 1680, and 160, with 840,. 
Then by considering the degrees of the modular and ordinary irreducible 
characters, the Brauer trees may be easily verified to be as above. 
There are twenty ordinary irreducible characters in each of the blocks B, 
and B,, with full defect. Consider the constituents in B, of the principal 
characters obtained by inducing the principal indecomposable characters 
1, + 84,, 21,+ 189,, 35,, 120,, 280,, 405,, 216, + 84,, 189, + 336,, 
1, + 84,, 21, + 189,, 35,, 105,, 280, and 3 15, of W(E,) and also the 
constituents in B, of the principal characters obtained by inducing the prin- 
cipal indecomposable characters 1, + 84,, 35,, 27, + 168,, l-20,, 
189, + 336,, 70,, 405,, 216, + 84,, 1, + 84,, 35,, 27, + 168,, 105,, 315, 
and 70, of W(E,) to obtain the matrices given above in Tables I and II. An 
elementary argument verities that these are the corresponding blocks of the 
decomposition matrix of W(E,) for p = 5. 
5. W(E,),p = 7 
There are fifty-eight 7-modular irreducible characters in W(E,). 
The forty-six ordinary irreducible characters whose degrees are divisible 
by 7, namely, 7,, 21,, 35,, 105,, 189,, 21,, 35,, 189,, 189,., 105,, 105,, 
315,, 168,, 56,, 210,, 280,, 336,, 378,, 84,, 420,, 280,, 210,, 70,, 7,, 
21,, 35,, 105,, 189,, 21,, 35,, 189,, 189,, 105,, 105,, 315,, 168,, 56,, 
210,, 280,, 336,, 378,, 84,, 420,, 280,, 210, and 70,, each belong to a 
block, of defect zero, are principal indecomposable and remain modular 
irreducible. 
The remaining fourteen ordinary irreducible characters are distributed into 
two blocks, with full defect, each containing seven ordinary and six modular 
irreducible characters, with the Brauer trees 
1,,~27~t) 120,++405,++512,4-+216P~ 15,, 
1, H 21, H 120, tf 405, +, 512, ++ 216, ++ 15,. 
The second tree may easily be deduced from the first. To show that the 
above is the Brauer tree of the block containing I,, induce the principal 
indecomposable characters 1, and 15, of W(E,) to obtain the principal 
characters 
l&E,= 1,+27,+7,+21,, 
15, T E, = 189, + (15, + 216,) + 35, + 105, + 280, 
of W(E,). These establish the connection of 1, to 27, and 15, to 216, in the 
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above tree. Now by considering the degrees of the modular and ordinary 
irreducible characters is this block, the above may easily be verified to be the 
corresponding Brauer tree. 
6. W(E,),p = 7 
In this case, there are one hundred and eight modular irreducible 
characters. 
The eighty-four ordinary irreducible characters whose degrees are divisible 
by p = 7, namely, 28,, 35,, 84,, 350,, 567,, 210,, 840,, 700,, 175,, 1400,, 
1050,, 1575,, 1344,, 2100,, 2268,, 525,, 700,, 4200,, 2240,, 2835,, 28,, 
35,, 84,, 350,, 567,, 210,, 840,, 700,, 175,, 1400,, 1050,, 1575,, 1344,, 
2100,, 2268,, 525,, 700,, 4200,, 2240,, 2835,, 70,, 1134,, 1680,, 168,, 
420,, 3150,, 4200,, 2688,, 2100,, 1400,, 4536,, 5670,, 4480,, 56,, 112,, 
840,, 1400,, 1008,, 560,, 1400,, 4200,, 4536,, 3360,, 2800,, 5600,, 448,, 
56,, 112,, 840,, 1400,, 1008,, 560,, 1400,, 4200,, 4536,, 3360,, 2800,, 
5600,, 448,, 448,, 1344,, 5600,, 2016, and 7168,, each forming its own 
block of defect zero, remain modular irreducible and are principal indecom- 
posable characters. 
The remaining twenty-eight ordinary irreducible characters, whose degrees 
are not divisible by 7, are distributed into four blocks with full defect. The 
Brauer trees corresponding to these blocks are listed below. The second and 
fourth trees can, respectively, be obtained from the first and third by 
considering the tensor product with 1,. In what follows we induce from 
W(E,) to W(E,) in each case. The principal character (1, + 27,) T E, gives 
the connection of 1, with 300, and 8, with 160,; 105, T E, gives the 
connection of 300, with 4096, and 160, with 1296, and 35, T E, gives the 
connection of 3240, with 400,. By considering the above information 
together with the degrees of the ordinary and modular irreducible characters 
in each tree we obtain the following Brauer trees: 
1, H 300, t-t 4096, H 6075, c+ 3200, t+ 972, * 50,) 
1, ++ 300, t) 4096, ++ 6075, H 3200, c-f 972, ++ 50,, 
8, ++ 160, ts 1296, H 2400, ++ 4096, * 3240, t-) 400,) 
8, H 160, t-t 1296, ++ 2400, c-1 4096, ++ 3240, +-+ 400,. 
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